We propose a paring mechanism between holes in the dilute limit of doped frustrated Mott insulators. Hole pairing arises from a hole-hole-magnon three-body bound state. This pairing mechanism has its roots on singlehole kinetic energy frustration, which favors antiferromagnetic (AFM) correlations around the hole. We demonstrate that the AFM polaron (hole-magnon bound state) produced by a single-hole propagating on a field-induced polarized background is strong enough to bind a a second hole. The effective interaction between these threebody bound states is repulsive, implying that this pairing mechanism is relevant for superconductivity.
The long-sought resonating valence bond (RVB) superconductor [1] , based on P. W. Anderson's proposal for describing the ground state of the antiferromagnetic (AFM) triangular Heisenberg model [2] , was the germ of two fundamental ideas in modern condensed matter physics. On the one hand, it set the basis for the search of quantum spin liquid states in Mott insulators. On the other hand, it suggested a clear connection between geometric frustration and superconductivity. The new century is witnessing an explosion of works based on the first idea [3] . However, while the superconductivity found in two-dimensional CoO 2 layers [4] triggered some efforts related to the second idea [5] [6] [7] [8] [9] , the relationship between frustration and superconductivity remained much less explored.
Nagaoka's theorem reveals a striking interplay between magnetism and electronic kinetic energy in slightly doped Mott insulators [10, 11] . The theorem states that a single hole propagating on a D-dimensional (D > 1) bipartite lattice with infinite on-site Hubbard repulsion U minimizes its kinetic energy in a ferromagnetic (FM) background. This wellknown result inspired Schrieffer et. al. [12] to propose the "spin-bag" mechanism for pairing in doped Mott insulators. A single hole propagating on a bipartite antiferromagnet generates a FM polaron or "spin-bag" inside which the hole is self-consistently trapped. Two holes are attracted by sharing a common bag. While this idea was never confirmed for the square lattice Hubbard model, it provides an interesting angle on understanding how attraction (pairing) can potentially arise from strong bare repulsion.
As shown in Fig. 1(a) , the kinetic energy of a single-hole on a bipartite lattice is minimized (−4|t 1 | for a square lattice with nearest-neighbor (NN) hopping t 1 ) in a uniform (FM) background because the interference between different paths connecting two given points is always constructive. The situation can be very different for non-bipartite structures, such as the triangular lattice [13] [14] [15] . In this case, the single-hole kinetic energy is frustrated if the product of three hopping matrix elements over the smallest closed loop of the lattice is positive. For instance, the minimum kinetic energy of a single-hole on a triangular lattice is −3|t 1 | for a uniform FM background if the kinetic energy is frustrated (t 1 > 0) [see Fig. 1 (b) ], while it is −6|t 1 | for the unfrustrated (t 1 < 0) case. Frustration arises from destructive interference between different paths. However, destructive interference can be avoided if the uniform FM background is replaced with a non-uniform state where one or more spins are flipped. As shown in Fig. 1(c) , holepaths connecting two given points no longer interfere if one of the paths goes through a flipped spin [13] [14] [15] . In this Letter we demonstrate that kinetic frustration is also the source of paring between holes near the fully polarized state induced by an external or a molecular field H. Below the saturation field, H sat , it is energetically convenient to flip at least one spin. The single hole can then lower its kinetic energy by remaining close to a flipped spin. The resulting hole-magnon bound state, or AFM polaron [16], has a binding energy ∼ −|t 1 |/2. In other words, the lowest single-polaron kinetic energy can reach a value as low as −3.5|t 1 |, which must be compared against the −3|t 1 | value obtained for a single hole (magnons have infinite mass for U/|t 1 | → ∞). Remarkably, the AFM polaron mass, m p 10/|t 1 |, still has a moderate value. If a second hole is present, the strong hole-magnon attraction also leads to a three-body bound state, or AFM bipolaron, which still has an effective mass of order 10/|t 1 |. More- 
over, our Density Matrix Renormalization Group (DMRG) results reveal a repulsive interaction between AFM bipolarons, implying that these composite Cooper pairs should condense in the dilute limit.
We start by considering a Hubbard model on a triangular lattice with NN hopping t 1 and the third NN hopping t 3 :
where n σ (r) = c † rσ c rσ , µ the chemical potential and H the external magnetic field.
We will initially consider the U/|t 1 | → ∞ limit. The ground state is fully polarized for H > H sat . In this regime the holes become non-interacting fermions with dispersion
. The minimum energy of the single-hole spectrum k is 0 = −6|t 1 | for t 1 < 0 and 
Here, m = 0, ..., 5 is the crystal angular momentum following from the C 6 symmetry of H H , θ = nπ/3 (0 ≤ n ≤ 5) is the relative azimuthal angle and φ is the phase difference between the two particles separated by one and two lattice spaces a. We are also assuming that the total momentum of the twoparticle system is equal to zero. Minimization of E(α)/t 1 = (cos α) (r) = r n h (r − r )n ↓ (r ) , shown in Fig. 2 (b) , reveals the spatial distribution of the magnon around the hole in the exact ground state.
The lowest energy magnon-hole pair can also have finite center of mass momentum. Fig. 2 (c) shows the exact binding energy, ∆
, as a function of t 3 /|t 1 | that results from solving the Lippmann-Schwinger (LS) equation in the thermodynamic limit [17] . For t 3 < −0.1615t 1 , the lowest energy bound state is at the M point of the Brillouin zone (BZ). The center of mass momentum of the ground state moves from the M to the Γ point for t 3 > −0.1615|t 1 |. A positive t 3 does not change the nature of the bound state, which smoothly crosses over into another limit dominated by t 3 [18] .
From now on, we will use the notation mHnS to denote states with m holes and n flipped spins. We will consider bound states of one hole (m = 1) and n ≥ 1 flipped spins. Fig. 3 (a) shows the phase diagram as a function of magnetic field and t 3 /t 1 . The 1H1S is stable over a relatively large window of magnetic field values for small |t 3 |/t 1 0.1. The number of magnons bounded to the hole increases continuously upon further decreasing the field. The critical field for the transition into a 1HnS state decreases rapidly with n because the binding energy of the nth magnon goes asymptotically to zero for large n. This AFM polaron state is then expected to evolve smoothly into the long range AFM ordering found in Ref. [13] for h → 0 (n → ∞) because the radius of the AFM polaron (AFM correlation length) diverges. Fig. 3 (b) shows the evolution of the correlation function c h−m (r) as a function of n for n = 1, 2, 3. For n ≤ 3, the radius of the AFM polaron turns out to be significantly smaller than the linear size of the biggest lattices that enable exact diagonalization (ED) of H H .
Hole paring-An important consequence of the effective hole-magnon attraction is the possibility of indirect hole-hole pairing via formation of a three-body bound state of two holes and one magnon (2H1S ). This state can be regarded as an
as a function of t 3 /t 1 . The two kinks of ∆ AFM "bipolaron" or "spin-bag": the two holes share the same AFM region to lower their kinetic energy at a minimum Zeeman energy cost. Its wave function is also obtained by solving the LS equation in the thermodynamic limit [17] , which provides a verification for the size effects of ED and DMRG calculations on finite lattices [17] .
The two holes and the magnon indeed form a tight bound state for t 1 > 0. The lowest energy 2H1S bound state has center of mass momentum Q = 0 for t 3 < −0.116t 1 (t 1 > 0). The binding energy between a 1H1S polaron and a second hole is defined as
. It is also useful to introduce the binding energy of the three-body bound state relative to three non-interacting particles:
. Both binding energies are shown in Fig. 4 (a) . The negative value of ∆ p−h demonstrates the AFM bipolaron formation, as confirmed by the hole-hole, c h−h (r) = r n h (r − r )n h (r ) , and the hole-magnon, c h−m (r), correlation functions shown in Fig. 4 (b) . Fig. 4 (c) includes the AFM bipolaron dispersion relation for t 3 = −0.2t 1 , from which we extract an effective mass m 2H1S 9.91t −1
1 . The center of mass momentum of the lowest energy bound state moves to the M point of the BZ for −0.116t 1 < t 3 < −0.1t 1 . However, the bandwidth W 2H1S 0.0737t 1 is significantly narrower in this regime. Correspondingly, the effective mass is large and anisotropic: m 2H1S 23.3t for the parallel and perpendicular directions relative to the M point.
As shown in Fig. 4 (d) , a second spin flips and binds to the 2H1S bound state upon further lowering H. The critical field for flipping this spin is H c
is the binding energy between the AFM bipolaron and the second magnon. The critical field boundary shown in Fig. 4 (d) is obtained from finite size scaling of the ground state energy [17] .
Interaction between AFM bipolarons-Given that hole pairs are actually 2H1S bound states, we will further elucidate that AFM bipolarons interact repulsively with each other, instead of forming larger bound states with multiple holes and magnons. This is demonstrated by solving the sixbody 4H2S problem. Fig. 5(a) shows the hole-hole, holemagnon and magnon-magnon correlation functions for the ground state of the 4H2S system (t 3 /t 1 = −0.2). According to this result, the particles split into well separated 2H1S AFM bipolarons with the same correlation functions, 
is positive for finite L and it extrapolates to zero in the L → ∞ limit, confirming the repulsive nature of the effective interaction. We note, however, that the two AFM bipolarons form a bound state when t 3 /t 1 approaches −0.1, i.e., in the region of strongest hole-magnon pairing according to Figs. 2(c) and 4(a) . However, as we discuss below, the interaction between AFM bipolarons becomes also repulsive in this region for a finite U 20|t 1 |.
Effect of spin exchange-Our next step is to analyze the effect of a finite, but still large, U/|t 1 | 1. The low-energy sector of the Hubbard model is now described by the t − J model: Order parameter-Our results indicate the existence of a stable gas of AFM bipolarons for low hole concentration ρ h 1 and H H sat . In a pure 2D scenario, the AFM bipolarons must undergo a Berezinskii-Kosterlitz-Thouless transition [19] [20] [21] into a superfluid state at a transition temperature T BKT of order ρ h /m 2H1S . The real space superconducting (SC) order parameter is ∆ = h † i h † j S − k , where i, j, k are neighboring sites. Given the three-body nature of the bound state, the phase θ of the order parameter ∆ includes a charge and a spin contribution (the superfluid current carries both charge and spin). The Hubbard Hamiltonian in a magnetic field H = Hẑ has a U(1)×U(1) symmetry associated with the conservation of the total charge and z-component of the total spin. The phase θ is transformed into θ − θ s under a global spin rotation by an angle θ s about the z-axis and into θ + 2θ c under a global charge rotation by an angle θ c (c † jσ → e −iθ c c † jσ ). In other words, the condensate is still invariant under the product of a spin rotation by 2φ and a charge rotation by φ [U(1) subgroup]. This invariance implies lack of long-range magnetic ordering in the condensate because the spin field can have arbitrary large phase fluctuations δθ s , which are compensated by fluctuations of θ c . Magnetic order can only take place via single magnon condensation.
Finally, the pairing symmetry is determined by the irreducible representation of the single AFM bipolaron (2H1S ) ground state. For t 3 /t 1 = −0.2 (t 1 > 0), the wave function of the 2H1S bound state has zero total momentum and it belongs to the B 2 representation of the D 6 space group ( f 2 -wave) [22, 23] .
Discussion-The possibility of generating an effective attraction between electrons out of the bare Coulomb repulsion is a long sought-after goal of the condensed matter community [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . Here we have shown that magnons provide a strong glue in the infinitely repulsive limit of a slightly doped frustrated Mott insulator. The strongly attractive hole-magnon interaction is a manifestation of the "counter-Nagaoka" mechanism reported in Refs. [13] [14] [15] : a single-hole can lower its kinetic energy by creating hole-magnon bound state (AFM polaron ). The second hole binds to the polaron to lower its kinetic energy at a minimum Zeeman energy cost (AFM bipolaron). We have also verified that AFM bipolarons interact repulsively with each other. We note that these composite pairs have a pure electronic origin and they are qualitatively different from the lattice bipolarons arising from a strong electronphonon coupling [42] [43] [44] .
It is important to clarify that a saturation field of order |t 1 |/2 is much higher than the maximum fields that can be generated in the laboratory. Moreover, such a large external field would produce a huge orbital effect that is not included in our analysis. For charged systems, like electrons in a solid (Na x CoO 2 is a well-known realization of a triangular lattice Hubbard model [45] ), this problem can be avoided by replacing the external field with a molecular field generated by interaction between the moments S j and an insulating ferromagnetic layer. For neutral systems, such as ultracold twocomponent fermionic gases of atoms [46] [47] [48] [49] [50] , the orbital effect is not present and the system can be easily driven into the fully polarized state. Nevertheless, the main purpose of our analysis is to understand how magnetic excitations can provide the glue for hole-hole pairing in the vicinity of a magnetic field induced AFM quantum critical point of the finite-U Mott insulating state. Remarkably, we find that antiferromagnetism (single-magnon condensation) is suppressed by the AFM bipolaron condensate (SC state) because magnons do not condense individually, but as a component of a three-body bound state. This simple mechanism then illustrates the competition between antiferromagnetism and superconductivity: magnons can either condense individually to form an AFM state or become part of an AFM bipolaron that condenses into a SC state.
We include analytical solutions of the two and three-body bound state problems via the Lippmann-Schwinger equation. For states with more than three particles N p = N h + N s (N h is the number of holes and N s is the number of flipped spins relative to the fully polarized state), we used exact diagonalization (ED) and density matrix renormalization group (DMRG). We include a finite size scaling analysis of these results, as well as real space correlations functions revealing the repulsive nature of the interaction between antiferromagnetic (AFM) bipolarons.
I. ANALYTIC APPROACH TO THE FEW BODY PROBLEM
Below we derive the Lippmann-Schwinger equation in the U → ∞ limit. The extension to finite U is straightforward.
A. Hole-magnon bound state
The wave function of the hole-magnon bound state, |ψ = r ψ Q (r)
|R, R+ r , can be obtained by solving the Lippmann-Schwinger equation:
where e ν are (bond) vectors connecting nearest and thirdnearest-neighbor sites. The hard core constraint of spins and holes (a flipped spin and a hole cannot occupy the same site) is imposed by including an infinitely repulsive on-site interaction V → ∞. The hole-magnon Green's function is:
The hole-magnon hard-core interaction implies
After applying this condition, the Lippmann-Schwinger equation (4) becomes
By setting r = e η , we obtain twelve coupled linear equations for ψ Q (e ν ), which determine ψ Q (r) through Eq. (8) . The coefficients of the linear system of equations are computed by using a numerical integration method to evaluate the holemagnon Green's function given in Eq. (6).
B. Antiferromagnetic Bipolaron
The wave function for two holes and one magnon is:
The fermionic statistics of holes implies ψ Q (r 1 , r 2 ) = −ψ Q (r 2 , r 1 ). The two-hole wave function with total momentum of Q can be re-expressed as a function of the position r of one hole and the momentum p of the second hole:
The Lippmann-Schwinger equation becomes:
where
is the non-interacting three-body Green's function of the non-interacting hole-hole-magnon system:
The hard-core constraint gives a boundary condition at r = 0:
By setting r = e η , we obtain a system of twelve coupled integral equations for the functions ψ Q ( p, e ν ), which in turn determine the three-body wave function ψ Q (p, r). The other three-body bound state of one hole and two flipped spins (1H2S) is obtained in a similar way.
II. FINITE SIZE EFFECTS IN EXACT DIAGONALIZATION SIMULATION
The binding energy and various correlation functions for n holes and m flipped spins (nHmS ) are calculated by the Lanczos method on finite triangular lattices of L×L sites. The finite size correction for bound states of linear size ξ L is exponentially small in ξ/L. This can be verified for the two-body and three-body bound states, whose solutions are obtained by 
solving the Lippmann-Schwinger equation in the thermodynamic limit . Finite size corrections become more important for bound states composed of more than three particles because ξ increases, while the maximum accessible lattice size decreases.
To extract the error due to finite size effects, we perform a finite size scaling analysis of the numerical data. We fit the ground state energy E G (L) for a finite L × L lattice size using the formula
The factor (−1)
L accounts an oscillation between even and odd linear system sizes, arising from kinetic energy frustration on finite lattices. As an example, Fig. 6 shows the fit of the ground state energy using Eq. (14) for systems composed of 2H1S and 2H2S , respectively. The data obeys Eq. (14) very well, indicating that the system size is larger than ξ. Within a confidence interval of 95%, the binding energy for the 2H1S bound state is E G (∞) = −0.32591 ± 1.1647 × 10
, while the binding energy for the 2H2S bound state is −0.59538 ± 0.00205. This is the method that we used to extract the binding energies reported in the main text.
III. FINITE SIZE EFFECTS IN DMRG SIMULATION
Finding the interaction between AFM bipolarons (2H1S bound states) requires to solve the six-body 4H2S problem, which restricts the ED calculations to small system sizes . To reach large enough system sizes, we use the DMRG algorithm [1, 2] on a cylindrical lattice with open boundaries along the x direction and periodic boundaries along the y direction [3] . The lattice size is L x along the x-direction and L along the y-direction.
For the DMRG method to be applicable to our problem, the maximum values of L x and L must be bigger than the linear size ξ of the three-body bound state. The following verifications indicate that the DMRG method is indeed applicable to our problem.
(I) Comparing the ground state energy with ED.
Tab. I provides a comparison between the DMRG and ED results on the same lattice size. The difference between the energy values obtained from both approaches is negligibly small. . The model parameters used here are t 1 = 1, t 3 = −0.2 and U = ∞.
width L is not introducing a significant size effect, we performed a finite size scaling study of the ground state energy E G as a function of L. The results are shown in the Fig. 7 (a). After fitting of the DMRG results with Eq. (14) , we obtain E G /t 1 = −0.32174 ± 0.00243 within 95% confidence interval, which is close to ED result: −0.32591 ± 1.1647 × 10 −4
( Fig. 7(a) ). Furthermore, Fig. 7(b) shows a comparison of various correlation functions obtained with DMRG and with ED. The correlation function matches with the ED result very well in spite of the limited size of the strip width, implying that the 2H1S bound state is practically not affected for the largest values of L that can be reached with DMRG. The asymmetry of the correlation function about the vertical line across the cloud center is due to the asymmetric open boundary condition of the finite triangular lattice spanned by the primitive vectors: a 1 =x and a 2 = (x − √ 3ŷ)/2.
IV. DENSITY PROFILE FOR FOUR HOLES AND TWO MAGNONS (4H2S )
For the few-body problem, the DMRG algorithm works very well on a very wide stripe geometry, which is crucial for illustrating the formation and interaction of the bound states on a two-dimensional lattice. In this section, we extend the simulation of the 4H2S system to a lattice of size L x × L = 30×16. The new results are consistent with those obtained from simulations of the 8×120 strip shown by Fig.5(a) . Fig. 8 shows the density-density correlation functions. Each 2H1S bound state has the same correlation functions obtained from ED calculation, which confirms the reliability of the DMRG simulation and further confirms the repulsion between AFM bipolarons. The repulsive interaction between AFM bipolarons becomes even more transparent upon plotting the accumulated particle density along the x-direction, as shown in Fig. 9 . In agreement with the correlation functions shown by Fig. 5(a) of the main text, the ground state consists of two well separated thee-body bound states (AFM bipolarons) including two holes and one magnon. 
